Abstract. Let P ⊂ A be an inclusion of σ-unital C*-algebras with a finite index in the sense of Izumi. Then we introduce the Rokhlin property for a conditional expectation E from A onto P and show that if A is simple and satisfies any of the property (1) ∼ (12) listed in the below, and E has the Rokhlin property, then so does P .
Introduction
The Rokhlin property for finite group actions on σ-unital C*-algebras was introduced by Nawata [11] and was formulated by using Kirchberg's central sequence C*-algebras F (A) = A ′ ∩ A ∞ /A nn (A, A ∞ ) as follows: an action α of a finite group G on a σ-unital C*-algebra A is said to have the Rokhlin property if there exists a partition of unity {e g } g∈G ⊂ F (A) consisting of projections satisfying α g (e h ) = e gh for any g, h ∈ G. If A is unital, then the definition above coincides with the definition of [6] .
After that Santiago [17] showed that the Nawata's definition is equivalent to the generalized Rokhlin property in the case of a separable C*-algebra, that is, an action α of a finite group G on a separable C*-algebra is said to have the generalized Rokhlin property if for any ε > 0 and any finite set F ⊂ A there exist mutually orthogonal positive contractions (r g ) g∈G ⊂ A such that (1) α g (r g ) − r gh < ε for all g, h ∈ G; (2) r g a − ar g < ε for all a ∈ F and g ∈ G; (3) ( g r g )a − a < ε for all a ∈ F . and showed that the permanence properties of C*-algebra A, like pure infiniteness, stable rank one, real rank zero, the nuclear dimension n, D-absorption for a strongly self-absorbing C*-algebra D, simplicity, AF , AI, AT -properties, the strict comparison property for Cuntz semigroup etc., are preserved under taking crossed products by actions of finite groups with the generalized Rokhlin property.
As continuous works in [13] and [14] the authors introduce the Rokholin property for an inclusion of σ-unital C*-algebras P ⊂ A with finite index in the sense of Izumi [5] and show in Theorem 3.2 that several permanence properties for A are preserved for P using the sequentially split *homomorphisms technique by Barlak and Szabó [1] . In particular, when α : G → Aut(A) is an action of a finite group G on A, we show that α has the Rokhlin property in the sense of Nawata [11] if and only if the canonical conditional expectation E : A → A α has the Rokhlin property (Proposition 3.5), hence several permanence properties for A are inherited to the fixed point algebra A α and the crossed product algebra A ⋊ α G.
Rokhlin property
At first we recall Index for σ-unital C*-algebras in the sense of Izumi [5] . Let P ⊂ A be an inclusion of σ-unital C*-algebras and E be a faithful conditional expectation from A onto P . Then E is of index finite in the sense of Izumi if
is finite. We define Index p (E) = sup{λ > 0 :
. When there is no such number λ satisfying the condition, we set Ind p E = ∞. Note that when A and P are unital, Index p E < ∞ implies that there is a quasi-
Remark 2.1. Under the condition in Definition 2.2 for an inclusion of σ-unital C*-algebras P ⊂ A, if A is simple, E * * (1) is scalar, that is, E * * (1) ∈ Z(M (A)) by [5, Theorem 3.2] . Then there is the dual conditional expectation E 1 : A 1 → A satisfies E 1 (a 1 e P a 2 ) = E * * (1) For a C*-algebra A, we set
We identify A with the C*-subalgebra of A ∞ consisting of the equivalence classes of constant sequences. Definition 2.2. Let P ⊂ A be an inclusion of σ-unital C*-algebras and E : A → P be a conditional expectation of index finite in the sense of Izumi. A conditional expectation E is said to have the Rokhlin property if there exists a contractive positive element e ∈ A ′ ∩ A ∞ satisfying
where
We call e a Rokhlin element. Lemma 2.4. Let P ⊂ A be an inclusion of σ-unital C*-algebras and E a conditional expectation from A onto P having Index p E < ∞ and the Rokhlin property with a Rokhlin element e, and let e p be the Jones projection for E. Suppose that A is simple. Then
, we have only to show that for any a ∈ P a(Index w E)ee P e = ae (IndexE)ee P ea = ea.
Note that for any a ∈ A ae 2 = ae since A ⊂ D(A, A ∞ ) by Remark 2.3 (1).
Set f = (Index w E)ee P e. Then, for any a ∈ P af 2 = a(Index w E) 2 (ee P e)(ee P e) = (Index w E) 2 (ee P ae 2 e P e) = (Index w E) 2 (ee P aee P e) (ae 2 = ae)
= a(Index w E)ee P e = af.
= e − e = 0.
Then, for any a ∈ P a(e − f ) = a(x * x). Therefore, [Ê ∞ (e − f )] = 0 and
Id is positive for som λ > 0, we have
Lemma 2.5. Let P ⊂ A be an inclusion of σ-unital C*-algebras and E be a conditional expectation from A onto P with Index p E < ∞. Suppose E has the Rokhlin property with a Rokhlin element e. Then, for x ∈ A, E ∞ (xe) ∈ D(P, P ∞ ).
. By [15, Proposition 1.4.5] there is a u ∈ P ∞ and 0 < α < 1/2 such that E ∞ (xe)
The following implies that the inclusion map P ⊂ A is a sequentially-split *-homomorphism in the sense of Barlak and Szabó [1] . Lemma 2.6. Let P ⊂ A be an inclusion of σ-unital C*-algebras and E be a conditional expectation from A onto P with Index p E < ∞. If A is simple and E has the Rokhlin property with a Rokhlin element e ∈ A ∞ , then there is a *-homomorphism β : A → P ∞ such that β(x) = x for all x ∈ P .
Proof. Let e p be the Jones projection for the inclusion P ⊂ A. Then, for any x ∈ A and any a ∈ P axe = Index w E)Ê ∞ (e P xae) = (Index w E) 2Ê∞ (e P xaee P e)
= a(Index w E)E ∞ (xe)e, whereÊ is the dual conditional expectation for E. Put y = (Index w E)E ∞ (xe) ∈ N (D(P, P ∞ ), P ∞ ) by Lemma 2.5. Then we have axe = aye.for any a ∈ P . Similarly, we have xea = yea for any a ∈ P . Hence,
Therefore, we obtain the uniqueness of [y] as follows. Set ρ(x) = [y]. Then ρ is a linear map from A to N (D(P,
Homomorphism property of ρ: Let x 1 , x 2 ∈ A and ρ(
The we have
From the uniqueness, we have ρ(x 1 x 2 ) = ρ(x 1 )ρ(x 2 ). The *-preserving property for ρ can be proved as in the same step.
Since there is an isomorphosm π from N (D(P,
Since for x ∈ A β(x) = π([E ∞ (xe)]) ∈ D(P, P ∞ ) ⊂ P ∞ , β is a required *-homomorphism.
Main Result
Recall that for σ-unital C*-algebras A and B a *-homomorphism ϕ : A → B is called sequetially-split if there exists a *-homomorphism ψ :
Theorem 3.1. Let P ⊂ A be an inclusion of σ-unital C*-algebras and E : A → P be a faithful conditional expectation with Index p E < ∞. Suppose that A is simple. Then an inclusion map P → A is a sequentially-split *-homomorphism.
Proof. Let ι : P → A be an inclusion map. From Lemma 2.6 there exists the map β : A → P ∞ such that β • ι(x) = x for x ∈ P . This means that the map ι is a sequentially-split *-homomorphism. Theorem 3.2. Let P ⊂ A be an inclusion of σ-unital C*-algebras and E be a conditional expectation from A onto P with Index p E < ∞. If A is simple and satisfies any of the property (1) ∼ (12) listed in the below, and E has the Rokhlin property, then so does P .
(1) Simplicity; (2) Nuclearity; (3) C*-algebras that absorb a given strongly self-absorbing C*-algebra D; (4) C*-algebras of stable rank one; (5) C*-algebras of real rank zero; (6) C*-algebras of nuclear dimension at most n, where n ∈ Z + ; (7) C*-algebras of decomposition rank at most n, where n ∈ Z + ; (8) Separable simple C*-algebras that are stably isomorphic to AF algebras; (9) Separable simple C*-algebras that are stably isomorphic to AI algebras; (10) Separable simple C*-algebras that are stably isomorphic to AT algebras; (11) Separable simple C*-algebras that are stably isomorphic to sequential direct limits of one dimensional NCCW complexes; (12) Separable C*-algebras with strict comparison of positive elements.
Proof. It follows from Theorem 3.1 and [1, Theorem 2.9].
Using Theorem 3.2 we can prove the permanence property for crossed products A ⋊ α G by actions α from finite groups G on a σ-unirtal simple C*-algebra A with the Rokhlin property in the sense of Nawata [11] as below. When A is separable, Definiyion 3.3 is equivalent to the following. Definition 3.4. [17, Corollary 2] Let A be a σ-unital C*-algebra and let α : G → Aut(A) be an action of a finite group G on A. An action α has the Rokhlin property if for any ε > 0 and any finite subset F ⊂ A there exist mutually orthogonal positive contractions (r g ) g∈G ⊂ A such that (i) ||α g (r h ) − r gh || < ε, for all g, h ∈ G; (ii) ||r g a − ar g || < ε, for all a ∈ F and g ∈ G; (iii) ||( g∈G r g )a − a|| < ε, for all a ∈ F . Proposition 3.5. Let A be σ-unital simple C*-algebra and let α : G → Aut(A) be an action of a finite group G on A. Then α has the Rokhlin property in the sense of Nawata if and only if the canonical conditional expectation E : A → A α has the Rokhlin property in the sense of Definition 2.2.
Proof. Let {e g } g∈G be the Rokhlin projections of α. Then by [10, Lemma 10.1.12] these elements can be lifted to mutually orthogonal positive contractions Remark 3.6. Under the same assumption in Proposition 3.5 we know that an each property in (1) ∼ (12) is inherited to the fixed point algebra A α by Theorem 3.2. Moreover, since A α is stably isomorphic to the crossed product algebra A ⋊ α G, an each property (1) ∼ (12) in A is inherited to A ⋊ α G, too.
